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ABSTRACT 

An analysis  of t he   fu l ly  coupled  viscous,  radiating  flow a t  the  stagnation 

point  of  an  ablating  blunt body a t  hyperbolic  entry  condttions i s  presented. 

An exac t   nmef ica l   so lu t ion   to   the  momentum equation  has  been  developed which 

replaces   the  integral  method approach employed i n  previous  studies.  This 

improved analysis  yields  an  accurate  solution to the  conservation  equations  under 

conditions of massive  blowing where the viscous  transport  layer i s  detached  from the 

surface. The radiat ive  t ransport  model has been  modified to  obtain  an  accurate 

calculation of  both continuum  and l ine  t ransport   for   arbi t rary  mixtures  of 

H, C, N and 0 atoms. A comparison  of our cur ren t   resu l t s   for  the stagnation 

point-surface  radiative  flux a t  hyperbolic  velocit ies  with  recent  results of 

a number of other  investigators show that (for  the  case af a non-ablating 

surface),  when a l l  important-radiating  processes are a c m n t e d   f o r ,  agreement 

t o  within  about 20s exis ts .  For the  case of the   blunt  body heating problem 

with  large  surface mass inject ion (of  predominantly hydrogen-carbon ablat ion 

gases)  the  role of atomic l i n e  radiative t ransport   in   the  ablat ion  gases  i s  

c la r i f ied .  It i s  found tha t   s t rong   re - rad ia t ion   in   l ine   t rans i t ions  from the 

heated  carbon atoms negates the  absorption of nitrogen-oxygen l ine   rad ia t ion  

by the   ab la t ion   gases   resu l t ing   in  no net  decrease i n  l i n e  radlat ion due t o  

mass injection. When continuum processes  only  are  considered, mass inject ion 

r a t e s  of 10% of the free  stream mass flux decrease the surface  f lux  to  roughly 

60$ of hte  non-blowing level.  However,  when l ines  are properly  accounted for, 

the  surface  radiative flux i s  then  reduced t o  only  about 83$ of the non-blowing level. 
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Mr. William Page, €@personic Free-Flight Branch, NASA Ames Research  Center, 

Moffett  Field,  California. 

The work w a s  performed i n  the  Aerospace  Sciences  Laboratory (R. Capiaux, 

Manager), of t he  Lockheed Pa10 Alto  Research  Laboratory. 



Section 1 

INTRODUCTION 

The problem of the  determination of the  s tagnat ion  point   heat ing  to  a  body 

entering  the  Earth 's  atmosphere a t  velocities  exceeding  escape speed (i .e.  

hyperbolic  entry) has received  considerable  attention  in  recent  years. The 

e a r l i e s t  works, e.g. Howe (Ref. 1) and  Wilson  and  Hoshizaki (Refs .  2, 3) 

used a grey-gas  radiative  transport model which w a s  tantamount t o  an  optically 

thin  analysis.  The calculated  heating  levels  thus  predicted were unrealiable. 

The first real is t ic   t reatment  of the  spectral   character of a i r  emission  and 

hence the  proper  accounting of self-absorption  and  radiative  cooling  appears 

t o  be that of Hoshizaki  and  Wilson  (Ref. 4) .  T h i s  work considered  only the 

continuous  radiative  transitions  in  high  temperature air. However ,  the  work 

of Biberman and his  colleagues (Ref. 5) convincingly  demonstrated  that, a t  the 

thermodynamic conditions  and  pathlengths  anticipated f o r  hyperbolic  entry, 

atomic l i ne   t r ans i t i ons  would be  equal   in  import;ance to the  continuous  transi- 

tions.  Subsequently, a number of investigators,   using  various  l ine  transport  

models, presented  resul ts   for  combined continuum  and line  processes. The 

inclusion of l ine  t ransport  w a s  reported by Rigdon e t  al. (Ref. 6), Page et 

al. (Ref. 7 ) ,  Chin (Ref .  8) and the  unpublished work of  Wilson  and  Hoshizaki 

( R e f .  9 ) .  Some major discrepancies  in -the surface radiat ive flux exis ted 

due t o  differences  in   the  basic   absorpt ion  coeff ic ient  data as wel l   as   the 

transport  models. 



Another area of signific?at  uncertainty was the   e f fec t  of ablation  product 

gases  injected  into  the shock layer  on the  radiative  heating.  This  question 

was i n i t i a l l y  examined by  Hoshizaki  and Wilson  (Ref. 4) but   their   t reatment  

of  the  absorption  coefficient  for tbe ablation  gases w a s  much too  crude. An 

improved calculation w a s  reported  by  Hoshizaki  and  Lasher  (Ref. S O )  which 

incorporated  the  recent  results  of Wilson a d  HoshizRki (Ref .  9 ) .  The calcu- 

l a t ion  02 Ref.  16  considered  only continuum  emission._ . Recently Chin (Ref .  8) 

reported  the  results of an investigation o f  mass inject ion  effects   including 

l ine   t rans i t ions   for   n i t rogen  atoms b u t  not  those  of  the atoms present   in   the 

ablation  gases. . .. 

The  work reported  herein . i s  a continuation o f  the  study  of  fully coupled 

viscous,  radiating shock layers  including mass inject ion.  The r e s u l t  of this 

work i s  two major improvements over the analysis  presented in Ref. 9. Firstly, 

the  previous  integral-method  solution has been  discarded in   favor  of a f u l l  

calculatiosl of the d i f f e ren t i a l  momentum equations. The computational method 

developed to   ob ta in   so lu t ions  t o  the   d i f f e ren t i a l  momentum equations is fast 

and numerically  stable. Moreover a technique was detrised to   obtain  solut ions 

t o  a l l  the  governing  conservation  equations  under  conditions o f  a r b i t r a r l l y  

large mass injectTon  (Provided, of course, the  fundamental  condition of a 

th in  shock layer  i s  not  violated).  Secondly, the line t ransport  model was 

revised t o  provide a consistent  treatment  to  the nonhomogeneous l ine  t raneport  

problem  and t o  provide  an  accurate  calculation of t ranspor t   in  m i x t u r e s  of 

hydrogen, carbon,  nitrogen,  and oxygen atoms. A s  a r e su l t  of these improve- 

ments we have considerably  increased  the  accuracy of the  computational code. 
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Finally,  the proper   account ing^of   l ine  t ransport   in  mixtures of atomic  species 

shows t h a t   ( f o r  the f l igh t   condi t ion  examined) large rates of in jec t ion  of - 

hydrogen-carbon ablation  gases are ineffect ive  in   reducing the l ine  contr ibut ion 

t o  the radiative flux. 
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Section 2 

MATI33MATICA.L DEVELOPMENT . 

2 .  I t iUVr ;KL\ ILL\ IL i  fik&JlY1:.Lu1\3 

Our point of departure i s  the  Navier-Stokes  equations  simplified  under  the 

t h i n  shock layer approximation as developed by Ho and  Frobstein (Ref. 11) .* 
The governing  equations are expressed i n  terms of the body-oriented  coord;fnate 

system shown in   the   ske tch  below. 

~ 

P:, 2 u:, 
==D 

SHOCK WAVE 

COORDINATE  GEOMETRY 

Here x' is  the  -distance measured p a r a l l e l   t o   t h e  bady  (from the  stagnation 

p\)int), y '  i s  the  djstance measured  normal t o  the bady, and K' i s  the 

loca l  body curvature. The distance of the  point  y '  from the symmetry 

)c 
It should  be  pointed  out  that  these  equations are simpler in form than  those 
used previously  in  our viscous  -radiating shock layer investigation (Refs. 
4,9,10). These earlier  formulations were Azconsistent i n  that  they  contained 
terms of order l / a  Re6 . Although  inc&usion of these  unnecessary  higher 
order  terms did not effe~ct   the, .  numericaJ solutions previously  obtained, we 
w i l l  use the  above consis tent   set  of equations as they  afford a cleaner 
formulation. 

, ,   , , , ,  
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ax i s  i s  related t o  x' through  the metric variable K by 
- 

where 

Then the  conservation  equations, valid t o  order (E Res)  , are 
2 -1 

mass : 

x- mome n t  urn : 

y-momentum: 

energy : 

species : 

~ 

In  the  energy  equation-,the symbol Q' is  defined as the rad ia t ive   f lux  

divergence,  the  precise form for which i s  taken up in   Sect ion 3. 

Note t h a t   i n   t h e  energy  and species  conservation  equations, the species mass 
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ac . 
a Y  

f lux is given by the  binary  approximation  (Fick's l a w ) ,  p ID' 4 where a 

single,  species  independent  diffusion  coefficient  applies. T h i s  model  of the 

t rue  multicomponent diffusion  process was proposed  by Lees, (Ref. 12). The 

va l id i ty  of t h i s  model will not  be  pursued i n   d e t a i l   o t h e r   t h a n   t o  recognize 

that it i s  valid when the  gas  mixture  consists of  two groups of species. 

The molecular  weight of the members of each group are roughly  the- same but  the 

mean molecular  weight of the two groups may vary  widely. The application of t h i s  

model t o  problems involving mass in jec t ion  of hydrogen i s  c lear ly  a crude approxima- 

t i on  as it is physically  clear that hydrogen will diffuse  fur ther   into  the 

shock layer   than  re la t ively heavy species composed of carbon,  nitrogen and 

oxygen. Some simplified, uncoupled s tudies  have shown t h a t  even large  differ-  

ences i n   t h e  hydrogen concentration  aistribution show little e f fec t  on the 

primary  quantity of interest ,   v iz . ,   the   radiat ive energy t ranspor t   to   the  

body surface.  Finally, we note  that  Kendall and Bar t l e t t  (Ref. 13) have 

proposed a model which of fers  a goad approximation t o  8 multicomponent mixture  

of  varying  molecular weight and  which is ,  computationally,  relatively  simple. 

Unfortunately,  time  limitations  prevented  the  incorporation of t h e i r  model 

in to   th i s   ana lys i s .  However, for r e f a e n c e  purposes,  the  formulation of 

t h e i r  model to   the  viscous shock layer  problem is descpibed i n  Appendix C. 

Finally, we note  that   the above sex o f  conservation l a w s  must be augmented 

by approprtate  equations qf state. I n  the  numerical method t o  follow,  these 

equations of state are _obtained  through a de ta i led  thermochemical calculation 

which automatically  handles the varying  elemental  composition  conditions 

which ex i s t  when mass inject ion i s  considered. A description of the thermo- 

chemical calculation is given in  Section 4. 
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It i s  convenient to nondimensionalize  and  normalize a l l   q u a n t i t i e s  to O(1) 

as follows : 

Then the  conservation  equations become 

mass : ax ( r p u )  + - ( r K p v )  = 0 a a -  
a Y  

y-momentum: 

energy : 

7 



2.2 SOLUTION TO THE MOMENTUM EQUATIONS 

The momentum equations  are now recas t   i n  a form convenlent f o r  numerical 

calculation.  First  the  transformed  coordinate J, 5 are defined, 

5 = x  

Now intraduce a nondimensional  stream  function JI defined by 

rpu = $1 
X 

- 
K r p v  = - g) 

Y 

and the normalized stream function 

F = -  Q 
P6'6rW 

We obtain from the  transformation  equations  the  relation 
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After algebraic  manipulation and retaining  only terms of O ( E ) *  and, fur ther ,  

now res t r ic t ing   the   ana lys i s  to the  stagnation  region where 

the  following form of the combined momentum equations i s  obtained, 

where x = p>w/e Re6. I n   a r r iv ing  a t  Eq. (18) we have made two addi t iona l  

simplifying  approximations. These are 

2 

pp - constant = p$w 

The first of these,  (r/rw) - I, i s  qui te   reasonable   for   the  thin shock layers  

of in.terest   ( typically E = .06 and  note that 1 r/rws 1 -F E ) .  The second 

a P P r o m t i o n  2s   potent ia l ly  more seriws since pp varies considerably  through  the 

shock layer.  However, as w i l l  be  demonstrated  by  the  numerical comparison 

shown in   Sec t ion  5, t h i s  approximation  does  not  introduce  significant  error  in 

the shock layer   veloci ty   dis t r ibut ion  -solut ion.  Moreover, by us ing   t h i s  

approximation, the   resu l t ing   s impl i f ied  momentum equation  can be solved i n  a 

r e l a t ive ly  simple manner f o r   t h e   d i f f i c u l t  case of viscous f l o w  with  large 

* 
Essent ia l ly  we replace  the f u l l  y-momentum equation  by 

in   evaluat ing  the  pressure  gradient  term i n   t h e  x-momentum equation. 
9 



mass inject ion.  

Equation (18), together  with the auxiliary  equation for the  stream function 

are the system of simultaneous  nonlinear  differential  equations  determining 

the  veloci ty   f ie ld .  The boundary  conditions are 

a t  I = O  
f = o  
F = - &/2 

The principal  nonlinear term f2 In Eq. (18) can  be  eliminated  by  differentiat- 

ing Eq. (18) and using Eq. ( 1 9 ) .  The result ing  equation is 
* 

with  the boundary conditions, 

P =  0 

36 
The author i s  In&ebted t o  D r .  Y. 5. Chou of the Lockheed Palo Alto Research 
Laboratory fo r   t he  above so lu t ion   to   the  momentum equation. 
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T = l  f = 1  

The so lu t ion   to  Eq. (21)  proceeds as follows. The pressure  across the shock 

layer   ( to   order  e )  a t  the  stagnation  point is constant a t  the shock  value, 

p = ps = (1 - e )  (23 1 

Assuming t he  ent@.&py d i s t r ibu t ion  is  known (as a result of an   i t e r a t ive  solu- 

t ion  to  the  energy  equation),   the  density  distribution i s  obtained from the 

state relat ions.  Then i f  an estimate to t he   ve loc i ty   f i e ld  f i (T)  i s  made, 

the  stream function can be  determined  from the integrat ion of Eq. (19) with 

6 given  by 
- 

With F(1) now known, Eq. (21) i s  a l inear   equat ion  ( in  T )  from which a new 

solution  fit”(?) can  be obtained  directly.  The sequence of calculat ions is re- 

peated u n t i l  a sa t i s f ac to r i ly  converged solution  (normally  within 1%) i s  obtained. 

dLf 

a? 

For small values of mass inject ion,  more precisely when the  parameter 

& / f i  5 1, the   so lu t ion   to  Eq. (21) i s  straightforward. However, as 

h/& becomes much greater than  unity,  numerical  difficulties are encountered. 

The d i f f i cu l t i e s   o r ig ina t e  from t ry ing  to maintain  numerical  precision when 

taking  the  difference of exponentially  large numbers. These numerical diffi-  

cul t ies  re f lec t   the   phys ica l   fac t   tha t   for  h/fi > 1, the  flow  near  the 

surface is an  inviscid  inner  layer whose veloci ty   gradient  df/dq a t  the 

surface i s  given  by  the  pressure  gradient term 3c/p. The inner   layer  is 

11 



physically  decoupled from the  boundary condition  behind  the shock. Hence the 

attempt  to  solve  the  entire. shock layer  as a viscous  flow  with boundary  condi- 

. - .. ~ ~~ 1. - 

tions  given a t  the  body surface .and shock leads t o  numerical d i f f i cu l t i e s .  

We have circumvented the  numerical problems  by taking advantage of t he   f ac t  

that  a portion  of the shock layer near  the  -surface i s  characterized as an 

inviscid flow. Let 'tl* be the  extent of this   inviscid  region.  Then we 

drop  the  viscous term i n  Eq. (18) and  solve for f (7)  from 

with  the boundary condition 

and, again F(1)  i s  known. In   the  outer   region we agai.n solve Eq. (21) a8 

before,  except  that  the boundary conditions now become, 

7 = 7  
* 

The problem with t h i s  method, of course, is t o  determine 'Q* which i s  defined 

by the   c r i te r ion   tha t  f o r  -11 T* the  flow i s  inviscid.  Unfortunately there 



is no exact  (analytical  or  numerical) method for   se lec t ing  T* since  the 

flow becomes inviscid  only  in  an  asymptotic  sense. Note t h a t  T* must b.e 

such that the argument of  the  exponential t e r m  which appears in   the   so lu t ion  

to Eq. (21) i s  less  than  about 10. T h a t  is, T* must be  chosen so that * 

- T  
P(T) = - 5 F(1')  dT' 5 10 

Ji T* 

In   pract ice  we have used  the  simple  cri terion  that  T* i s  the  first value of 

1 such t h a t  

F(T) 2 (- $) * MAX (MAX a parameter) 

where, of  course, (- &/e) is  the  value of F(T = 0). The stream function  dis-  

t r i bu t ion  F(T) f o r  two values  of  the mass injection  parameter &/ f i  i s  Sn0w-n 

i n  Fig. 1. Note that for the  small mass in jec t ion  parameter case,  the stream 

funct ion  increases  much  more rap id ly   than   for   the   l a rge  mass injection  parameter 

problem. Hence t h i s  simple c r i te r ion   appropr ia te ly  scales the  extent  of the 

inner  inviscid  region  with  the mass. in jec t ion   leve l .  The v a l i d i t y  of  assuming 

an  inner  inviscid  region of various  extent can  only  be  ascertained  by comparison 

with  an  exact  solution.  In  Fig.  2 an  exact  solution i s  given to the   fu l l   v i scous  

problem for the  case of &/A = 2.04 as obtained  by  double-precision  calculation. 

Also shown i n  Fig. 2 are- the   r e su l t s  of using  an  inner  inviscid  solution of 

varying  extent. It can be seen that se lec t ing  MAX = .75 y ie lds  accurate r e s u l t s  

* 
The value of 10 i s  associated  with the fact t h a t  e - 0 (10 ).  Hence when 
differences  of numbers of t h i s   s i z e  are taken  with normal machine precision 
(7 usable   s ignif icant   f igures)  this gives  values  accurate to 3 s igni f icant  
f igures.  

10 4 

~ 
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Fig. 2 Comparison of Exact and Approximate Tangential  Velocity  Solutions 



for   the approximate  inviscid-viscous.  flow  solution.  This,-value of MAX = .75 

was used i n  the  numerical  solutions  presented in  Section.. 5 whenever 

f i / f i  > 1. For &/A 5 1, %he f u l l  viscous  caLculation ~ was used. 

2.3 SOLUTION  TO THi3 Sm-CIES DIFFUSION EQUATION . " 

Under the  binary  diffusion model used to   wr i te   the  speciF,s  conservation 

equation i n  the form given  by Eq. (&I), it i s  not  DecessQry t o  calculate   the 

transport  of each  species  directly.  Rather we adopt the concept  outlined by 

Lees (Ref. 12) i n  which the  species  equation i s  summed over a l l  species con- 

ta in ing  a given  element i (de ta i l s  are ava i lab le   in  Ref. 14 ). When this 

i s  done we obtain  the Tollowing equation  expressing  conservation of each 

element, i . 

Moreover, since a single  diffusion  coefficient  exists,  it i s  c lear  that a11 

the  elemental components of the  injected  gas w i l l  d i f fuse a t  the same rate. 

Hence the  diffusion i s  ac tua l ly  a binary  process  of  "ablqtion " I  gases"  diffusing 

in to  air. We denote  by Cv the mass f rac t ion  o f  these ablation  gases. Then 

the mass f rac t ion  of elemental i is  

ci - - cT + (aa)i [I - CJ 

where   CY^)^ = mass f rac t ion  of element i in  ablat ion  products  

(aa)i = mass f rac t ion  of element i i n  a i r  ,,, 

16 



Equation  (28) i s  now expressed i n  terms of the  diffusion  of  ablation  product 

gases, 

The boundary 

mass balance 

condition a t  the  body surface  follows from an assumed steady state 

across  an  interface  region  across which the decomposition  of the 

surface  occurs  instantaneously. The boundary condition a t  the shock derives 

from the  condition that f o r  a viscous  layer  analysis there can be no s igni f icant  

gradients due to. t ransport  effects right  behind  the shock. Then a t  the shock 

the  ablation  gas  concentration must vanish. If we now transform Eq. (30) t o  

7, 4, coordinates   and  res t r ic t   the   analysis   to   the  s tagnat ion  region,  we 

obtain 

d 2 dcv 2- dcV - ( p  D w) + (e 6Re Sc ) 2F - = 0 
d l  6 6  a17 

with  the boundary conditions 

dcV q = o  p% = - E Re Sc k%(l - Cv) 2 
6 6  

T = l  cv = 0 

Consistent  with  the  treatment of t he  momentum equat ions  for   the  large mass 

in jec t ion  Sirnit, the  ablation  gas  conservation  equation i s  solved  separately 

for  an  inner  inviscid  region  and  patched t o  an  outer  viscous  solution. Then 

we have for   the  inner   inviscid  region,  



and for the  outer  region we solve Eq. (31) subjec t   to  ,the boundary conditions, 

Note tha t   the  bow&ar;y condition, Eq. (34a), does  not  Ldentically match 

cv(v*) I outer = CV(S*) 1 inner 

the  large mass injection  conditions ( k / f i  > 1) where the  inner  inviscid layer 

i s  used, the  solut ion-to Eq. (31) in   the  viscous  layer   yields  Cv(q*) = 1. 

= 1. Eowever, f o r  a l l  prac t ica l  purposes,  under 

2.4 SOLUTION TO THE ENERGY EQUATION 

Before recasting  the  energy  equation fo r  numerical  soSution it i s  essent ia l  

to  express  the  diffiusional  enth;l;py  transport  term as- 

Then using Eq. (35) t o  rewrite Eq. (10) we obtailn ( fur ther  cletails can be 

found i n  Ref. 14)) 

The calculation of the concentration  derivatives a C j / a C i  i s  very d i f f i c u l t  

(see Ref .  14 ) .  Moreover, we f ind  that Le 1 and that a posterori   calculations 



show the tern 

cont r ibu tes   on ly   s l igh t ly   to  the col l i s iona l   t ranspor t .  Hence we w i l l  be 

content t o  make the  approximation Le  I, and thus  drop  this  term from the  

energy  equation. 

Now transforming Eq. (36) to T, 5 coordinates  and  restricting  the  analysis 

to  the  stagnation  region we obtain, 

where we have introduced g = E/H and a l so  again used the approximation 

(r/r,) - 1. Following  the  treatment  used in   so lv ing   t he  momentum and  diffusion 

equations  for the la rge  mass in jec t ion  case, we introduce  an  inner  inviscid 

region.  Dr-opping-the  viscous tepn in Eq. ( 3 7 )  , the   enthalpy  dis t r ibut ion  in  

the  inner  inviscid  region is  calculated from 

6 

f o r  o TI* 

with the boundary  Conaition 

For the   outer  v iscous  region we calculate  g(T) from Eq. (37) using  the 

boundary  conditions 



In  solving Eqs. (37) and (38) it has  been t a c i t l y  assumed ~~ t ha t  the flux  diver- 

gence term i s  known.  The procedure: i a  $0 estimate the enthalpy  distribution 

gi(T) and  solve  the mQaentum and diffusion  equations.  -~zhen  along  with 

p = constant, we have completely  defined  the-  distribution of thermodynamic 

variables  through  the shock L a y e r  i n  physicalc.o~_ardinates. The flux divergence 

may then be calculated  by  the methods out l ined   in  the next section.  This  allows 

a new enthalpy  distrib.uution g ( 7 )  t o  be calculated. The entire  process i s  

repeated  unt i l   sa t isfactory convergence i s  obtained.  Typically we require  the 

enthalpy  prof i le   to  be converged within one o r  two percent  depenaing on the 

degree of variation of  the  surface heat flux  quantit ies.  

i+l 
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Section 3 
RADIATION TRANSPORT 

W e  consider in   th i s   sec t ion   the   ana lys i s   under ly ing   the   ca lcu la t ion  of the  

radiat ive  f lux F and the  flux  divergence term Q which appears   in   the 

energy  equation.  Transport  expressions are derived for a one-dimensional 

planar geometry with  the  gas   in   local  thermodynamic equilibrium.  Primary 

emphasis i s  placed on the  handling of discrete   ( i .e . ,   l ine)   absorpt ion pro- 

cesses in the  transport  equation. The importance of atomic  l ines i s  now w e l l  

recognized as a r e su l t  of earl ier investigations ( R e f s .  5 ,  15 ) of rad ia t ive  

t r a n s p o r t   i n  plasmas. Transport due t o  continuous  absorption  processes  by 

atomic  species i s  a l so  included. 

3.1 BASIC TRANSPORT EQUATIONS 

The flux and f lux  divergence are given by* 

where I(y,vJcu) i s  the monochromatic in tens i ty  a t  frequency v and i n   t h e  

# 
For convenience i n   n o t a t i o n  we drop  the prime superscript   used  in  Section 2 
t o  denote  dimensional  quantities. 
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direct ion w. The angular   in tegra t ion   in  Eqs. (41) and  (42) i s  carr ied  out  

using  the  forward-reverse  approximation due t o  Schw&rtzchild (Ref. 16 ). The 

in tens i ty  i s  divided in to  two angular  groups:  those  rays  passing in   the   pos i -  

t ive   d i rec t ion  from L e f t  to r igh t  through a plane of symmetry (i .e., a plane 

normal t o   t h e  -y axis i n  o m  one-dimensional  planar  geometry) and those  rays 

passing  in a negative  direction from r igh t  to left. The forward-reverse 

approximation  represents a l l  rays   in   the  posi t ive  direct ion  by a single  ray 

1' with  an  average  direction  cosine ll.4 and a l l  rays  in  the  negative  directfon 

by a single ray I- also  with  an  average  direction  cosine l / A  (cf .  Fig. 3 ) 

Wall Shackwave 

y '  = 0 y '  = 6 

Fig .3  Geometry for  Radfative  Transport   in a One-Dimensional 
Planar Medium 

A s  is well  known, t h i s  two-stream  approximation i s  equivalent  to  the  exponential  

approximation to   the  exponent ia l   in tegral   kernel   funct ion which arises i n  an 

exact  formulation.- An analysis of t ranspor t   in  a uniform  gas (Ref .  17) shows 

tha t  a va lue  of- a = 2 provides a good approximatian to the exact flux and 

flux  divergence  values . 
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The monochromatic i n t ens i t i e s  I+ and I- are given  by 

In  carrying  out the frequency  integration  in Eqs. (41) and (42), the  absorption 

coeff ic ient  i s  separated  into the continuum and l ine  contr ibut ion.  

The flux may then b e  earessed as the  sum of a contribution due t o  continuum 

only  processes F' and a contribution due t o  l ines   bu t   cor rec ted  by continuum 

attenuation. 

For the cant" inuum contr ,ibution w e  can  formally  express 

integration  over  space and  frequency. 

(45) 

the  flux i n  terms of 



where the emissive function  EV(y,y') i s  introduced to  simplify  the  numerical 

spat ia l   in tegrat ions,  

The frequency  integration  required by Eq. (47) w i l l  be considered  in  Section 

3.2. 

For the  line  contribution,  the  integration  over  frequency i s  carried  out  analyti-  

ca l ly  for individual or groups of individual   l ines  and the  total   contr ibut ion 

summed over a l l  l i nes  or groups of l ines ,  

where the frequency  integration i s  incorporated  into  an  equivalent  width  variable 

Wi(y' ,y)  defined as 

In  defining Wi(y',y) i n   t h i s  manner we have assumed that the  Planck function 

and  continuum absorption are frequency  independent (a t  least approximately) 

over the   in te rva l  Av. The evaluation of the  frequency  integration  required 

by Eq. (49) w i l l  be  considered in   Sec t ion  3.3. 

In  a similar manner, we -treat the  flux  divergence 8s- due t o  a continuum only 
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contribution and terms due t o  l i n e s  plus continuum. Due t o  cross  terms  there 

are  a t o t a l  of four contributions (Ref. 17 ) . 

Q = V * F  = QcJc(y) + QcJL(y) + QLJc(y) -I- QLJL(y) 

These Q terms are  defined  as 

(1) the  energy  emitted and absorbed  by the continuum; 

- =('JY) 1 dv (5s) 

(2) the  energy  emitted  by  the continuum  and  absorbed  by the  l ines;  

(3) the  energy  emitted by l i nes  and  absorbed by the continuum; 



(4)  the energy absorbed  and  emitted  by  lines, 

t 

a l l  l ines ,  i - 0  

In  Eqs. (52) and (5b) the  frequency  integration is  performed i n  terms of an 

absorption  equivalent  width  variable  Ai(yl ,y) defined as 

p:(v,y)[l-exp(-A C sY'p:(v,y'')"'')]dv (55) 
i y '  

3.2 T€OUT"T OF THE C O N T I I "  PROCESSES 

The continuum absorption  coefficient varies relatively  slowly as compared, say, 

to the l ine absorption  coefficient  (except  in  the neighborhood  of  photoianiza- 

t ion  edges).  Hence a monochromatic evaluation of the  f lux and flux divergence 

a t  selected  frequencies  followed by  numerical  quadrature over frequencies is 

pract ical .  However, with  the aid of a f e w  approximations we can  reduce, 

considerably,  the  computational  effort  required in   t he  monochromatic approach. 

F i r s t  we will neglect   the   role  of molecular  absorption. The e f f ec t  of this 

approximation w i l l  be examine& in  Sect ion 5 .* For the atomic  species H, C, 

N, and 0 we note f r o m  past   experience  that ,   for shock layer  pressures and 

thickness of interest   ( for   values  of the  product p*R I; 500 a h  em), a t  

* 
In  the  multi-group  frequency model which follows,  molecular band absorption 
could be included by adding  additional-  frequency groups. 
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, frequencies below the first major photoionization edge, the shock layer  i s  

opt ica l ly   th in .  For frequencies above the  photoionization  edge,  the  absorption 

coeff ic ient  i s  essent ia l ly   constant  (Ref.  18). Hence we can represent   the 

frequency  dependent  absorption  coefficient by a series of grey absorption 

coeff ic ients .  For the first op t i ca l ly   t h in   spec t r a l  group the  appropriate 

grey  absorption  coefficient i s  the p a r t i a l  Planck mean, 

and 

where pi(v,T,p) i s  the continuous  absorption  cross  section for each  specie 

(H, C, N, 0) considered. Note that for  each  specie  the  absorption  coefficient 
x. 

has the  same form (Ref .  18) 

0 5 hv S hvT i E, -hV-A 

1v T E. - hV, i 

1 I 

x. 
W e  neglect the contribution from ionic  species which i s  unimportant f o r  
shock layer temperatures T 5 20,000 %. 
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where i n  Eqs. (5%) and (5%) 

r. = specie s%atistical weight fac tor  

c = specie  ionization energy 

1 

i 

A = photoionization edge s h i f t  = 

hvT = merged energy  level  limit 

5 .  = nonhydrogenic correct ion  factor  
1 

For the  remaining  frequency  groups which l i e  above the f irst  major photoloniza- 

t i o n  edge, the cross section is chosen as a constant  appropriate t o  the summed 

contribution from H, C y  N and 0 atoms. The detailed  expressions for the 

continuum absorption  coefficient  used  in the calculations  are  given i n  Appendix 

A. In  terms of the grey absorption  coefficient,  the flux and flux diver-gence 

expression for each group k  becomes 

where 

gk = 1 B(wyT) dv (6s) 

Avk 

and Ek i s  obtained from Eq. (47) using the grey  absorption  coefficient 

C 
pk(Y' ) * 

2% 



3.3 TRANSPORT FOR A SINGLE ISOLATE33 LINE 

We w i l l  consider in   this   subsect ion  the  contr ibut ion to the flux and f lux  

divergence due to a single ,   i solated  l ine.  For the  thermodynamic conditions 

of i n t e re s t ,  an  isolated  l ine has a Lorentzian shape characterized  by a 

s t rength S and (half)  half-width Y determined  by  electron  impact, 
3c 

where " . 

I n  Eq. (63) Nn i s  the  number density  of  the  lower state and the 

f-number determining  the  transit ion  probabili ty  strength.  

fnnl 
.3tx 

For transport   within a homogeneous gas ( i - e .  one having a constant thermodynamic 

state), the  frequency  integration  required by the equivalent  width  variables 

W(y,y')  and  A(y,y') is readi ly  performed (see, f o r  example, Ref. 19)). 

For the  nonhomogeneous case ,   the   spa t ia l  dependence  of the  half-width ~ ( y " )  

i n   t h e  denominator  of Eq. (62) precludes a closed-form  evaluation  of  the 

required  frequency  integration.  In  order to avoid  prohibi t ively  cost ly  

numerical  frequency  integrations, it is  necessary t o   r e p l a c e  the ac tua l  

* 
In  general, pL(v) should  include, i n   t h e  denominator of Eq. ( 6 2 ) ,  a l i n e  
sh i f t .   This   sh i f t ,  however, can  be neglected in t rea t ing   t ranspor t  problems. 

That is, the  f-number appropr ia te   to  a s ingle   l ine,  or multiplet ,  or whatever 
col lect ion o f  line t r ans i t i ons  i s  represented  by  the  lower state number density 



spa t i a l ly  dependent half-width y (y" 1 (again  only i n  the denominator of Eq. 

(62)) by a spa t i a l ly  averaged  value 7. Note that for   op t ica l ly   th ick  situa- 

t ions  (more precisely,   s i tuat ions where the  l ine  center  i s  opt ical ly   thick 

over a spa t ia l   ex ten t  for which the  temperature i s  nearly uniform) transport  

occurs  essentially i n  the l i n e  wings. Under this candition,  the  value o f  

y(y") i n  the d e n h a t o r  of Eq. (62) i s  unimportant. It is  shown i n  R e f .  20 

that bes t  compromise t o  use in selecting  the  spatially  averaged  value for 

y(y") i s  t o  define I such that i n  the op t i ca l ly   t h in  limit the  correct   f lux 

value i s  obtained.  Let us determine t h i s  value. 

Consider t he   spa t i a l  integral appearing, ,W(y,y' ) and A(y,y'), Eqs. (49) and 

(55) , 

Define a transport  variable 

then  using Eq. (62) and  approximating y (y" ) i n   t he  denominator  by ( z )  

we rewrite Eq. (64) as 

where q 2 ( z )  is  y e t   t o  be deternLned. We emphasize tha t ,  while q ( z )  i s  



taken as constant  over  the  interval  y' ,y, i ( z )  is  not  constant  over  the 

en t i r e   l aye r  (0 5 y I 6 )  but   ra ther  depends both on the  value of y and  the 

running  variable y'.  Using t h i s  average  half-width  approximation, we obtain 

the  following  expressions  for W(z) and A(z) (Ref .  2 0 ) ,  
.3t 

where 

and Io and I1 are the modified Bessel functions  of the first kind. Con- 

s ider ing first the  equivalent  width  variable W which appears i n   t h e  flux 

calculation, it is c lear  that W is independent of i n   t h e  limit t >> 1. 

Then i n  order to obtain the cor rec t   op t ica l ly   th in   express ion   in   the  limit 

t <( 1, v i z .  

w = sy s(y") dy" 
Y '  

we require  

* ~~~ ~~ ~~~ -~ ~- 
For the purposes -ofthis discussion w e  w i f i  omit  &he continuum at tenuat ion 
factor  appearing in  Eq. (49) in   wr i t i ng  down the results f o r  W. It i s  c l ea r  
that the  complete equivalent  width i s  obtained  by  multiplying Eq. (67) by  the 
continuum factor .  
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For the  fl.ux  divergence  equivalent  width  calculation, one can show ( R e f .  20) 

that   the  appropriate  value  for 7 i s  the  value a t  the  loyal  point a t  which 

V-F i s  being  calculated, i.e. 7 = y(y).  This  completes  the  analysis for the 

case of a s ingle   isolated  l ine.  

3.4 TFANSPORT FOR A CoLmcTron OF ISOWBD LINES* 

In  our  calculations of $be f2-q and flux divergence, we shall deal with a 

"group" of l ines   def ined as a . co l l ec t io s  of .adjaccgt lines within a spectral  

in te rva l   across  which both the Planck  function  and continuum absorption co- 

eff ic ient   .can  be-  approximated as being  independent of frequency. For the  moment 

we consider the s-ii-tuation i n  :which the., l ines  within"  the group are non-overlapping. 

Then Eq. (48) gives the t o t a l   f l u x  from a l l  l i n e s   i n  the group if we in te rpre t  

W(y,y*) as the sum of the equivalent  width of each  individual  l ine,  

- 

n 

W(Y7Y')  = 

I m=l 

I 
where n i s  t h e   t o t a l  number of Lines. i n   t h e  groug. Our objective is to 

I 

approximate the summation required by the  right-hand  side of Eq. (71) with a 

i single  expression of the form 

m=l 

where S* and y are line parametera  a2propriazely  averaged  over alL l ines  
* 

* 
A s  i n   t h e  continuum case we shall   be  considering systems  containing a mixture 
of H, C, N and 0 atoms. We shall   include  only  neutral  atom t ransi t ions,   the  
contribution fr3m the  ionic  lines  being  negligibJe. 



i n   t h e  group. If we make -the  assumption  that all l ines   within the group are 

e i ther   op t ica l ly   th in  or opt ica l ly   th ick  (i.e. there  does not exist a mixed 

col lect ion of t h i n  and th i ck   l i nes )  we can derive  expressions  defining S* 

and y . This  uniformly t h i n  or t h i ck   l i ne  assumption i s  reasonable  since 

most of the lines within a group arise from similar t r ans i t i ons .   In  any  event, 

the  accuracy of this basic assumption will be checked  by  comparison with  detai led 

line-by-line.  calculations  in  Section 5. 

44 

For the   op t ica l ly   th in  limit the  two sides of Eq. (72)  reduce t o  

which requires  

s* = -; 1 sm 
m 

(74) 

For the   op t ica l ly   th ick  limit the  two sides of Eq. (72) reduce t o  

Due to  the  non-linear  square root operator   in  Eq. (75) we must make the 

following  approximation t o  proceed  further, 
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If the   spa t ia l   var ia t ion  of the Smym product i s  the same f o r  a l l  l i n e s  

(differing  only by a constant  factor)  then Eq. (76) holds. The half-width 

Y, i s  proport ional   to  the electron number density, 

where @, i s  a constant (i.e. a normalized  half-width). The l ine  strength 

i s  proportional t o  the  lower state number density and the  induced  emlssion 

fac tor ,  

Then under the  candition that all l i n e s  within the  group have a common lower 

s t a t e ,  Eq. (76) is exact.  Proceeding on t h a t  basis, Eqs. (75) and (76) yield,  

We note i n  passing that 8 similar treatment of the  flux  divergence  equivalent 

width  function A Leads to   an  ident ical   expression f o r  y . K- 

Within a group we have, i n  general,  line  transitions  involving a l l  four  species 

being  considered (H, Cy N and 0 neut ra l  atoms). Hence the  expression for the 

effective  half-width, Eq. ( 7 9 ) ,  i s  not  valid if we Lump a l l  l ines  within  the 

group together. ~ Indeed, f o r  the shock layer  problem.with mass inject ion  the 

spatial  variation-of  the number density of the  various  atomic  species  varies 

d ra s t i ca l ly  and the  approximation of Eq. (76) is quite poor if we lump l i n e s  

of differing  species  together.  However, f o r  a given  atomic  species, l i n e s  lying 
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i n   t h e  same spectral  group do arise f r o m  e i the r  the same or nearby  lower states 

and  hence for a given  atomic  speciesthe  approximation  of Eq. (76) is reasonable. 

Then we propose a model in  which for   each   l ine  group w e  calculate  the  equiva- 

lent   width  for  a l l  l i nes  of a given atom. The total  equivalent  width for a l l  

l i n e s  of the group becomes, 

n 

m = l  

where Wi( SF,yy) i s  the lumped equivalent  width for each atom and where n i' 

Si, yi refer to the   e f fec t ive   l ine  parameters fo r  that atom. The quant i t ies  

Si, yi are   calculated from  Eqs. (74) and (79) where the s m t i o n  now includes 

only  those  l ines   for  a given  atomic  specie. Using the  expressions  for  the half- 

width  and l ine  s t rength,  Eqs. (77) and (78), we f ind  that these  quantities  can 

be expressed as 

* *  
* *  

~ ~~~- 

where Ni(yl') i s  t h e   t o t a l  nuniber density of the  given  atomic  specie i. The 

fi  and pi are calculable  in  terms of the  basic f-numbers and normalized half- 
* * 

~ ~~~ 
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- 6-/kT 

where, again,  the summation i s  over  the  l ines  of a given  specie s .  

Examination  of the l ine spectrum f o r  H, C,  E, 0 atoms showed that the   l i nes  

could be collec-ted in to   n ine  groups.  Within  each group we consider  four 

"effect ive  l ines ,"  one for each  atomic  species, whose f-number and half-width 
* *  

f i J  Y i  are calculated from Eqs. (83) and (84). Eence we handile a t o t a l  of 

36 "lines" a l though  the   spa t ia l   in tegra ls   requi red   to   eva lua te   the   f lux  and 

flux  divergence  expressions ne~ed ody be performed f a r  each  of the  nine groups. 

We tabulate  i n  Appendix B, the pertinent  properties. .of  these  nine  l ine groups 

including spect.ra.1 location,  frequency  interval  covered and values of fm and 

3.5 TREATMENT OF OVERLAPPING UE\TES 

The analysis presented.  in  subsection 3.4 assumed that   the   l ines   within  the 

group were isolated.  We consider  here the cor rec t ian   to  tb.e group equivalent 

width  obtained by t h i s  approach when overlapping  occurs. The exact  expression 

for  the  equivalent w i d t h  f o r  a col lect ion of m l ines  within  the group i s  

(again  omitting  the continuum attenuation  factor) 

where the summation i s  over a l l  l i nes  and D is  the   spec t ra l   in te rva l  covered 

by the group. 
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Under the  condition that a l l  l ines   within  the group are non-overlapping, t h e  

group equivalent  width is, simply the  sum of the  isolated  l ine  equivalent .  

w i d t h s  Wm 

m 

However,  when the   l i nes  overlap, an  analyt ic   resul t   for   the  f requency  integrat ion 

i n  Eq. (85) i s  not  available even for t he   r e l a t ive ly  simple  case  of j u s t  two 

overlapping  lines (e.g. see Ref.  21). We are then  forced  to  perform  numerical 

integrat ion when overlapping  occurs. To carry  out “Elis  frequency  integration 

as pa r t  of a coupled radiative  f low  calculation i s  not feasible. Such an 

approach would significantly  increase  the  computational time requ i r ed   i n  

the  radiat ive  t ransport   por t ion  of   the  calculat ion;  a portion which already 

accounts  for  roughly 50s of t h e   t o t a l  computational time. Instead w e  devised 

the method discussed below which empir ical ly   correlates  the Line  group 

equivalent  width  for  overlapping  lines (as deteremined  by  numerical  frequency 

integration)  with a parameter which measures the amount of line  overlapping 

within the l i n e  group. 

The spec t ra l   in te rva l  D defining a p a r t i c u l a r   l i n e  group is  a f ixed   in te rva l .  

Thus when the l ines  are opt ica l ly   th ick  and strongly  overlapping w i t h i n  t h i s  

interval ,   the  line group  equivalent  width  approaches  the  value  of D . It i s  

rea l ized  that under  such  an  extreme  condition of overlapping  the  contributions 

o f  the line wings from one l i n e  group to   the   absorp t ion   coef f ic ien t   in   ad jacent  

l i n e  groups  should be taken  into  account.  Nevertheless, our l ine   t ranspor t  
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model neglects   this   effect .   This  omission i s  no t   l i ke ly   t o   y i e ld  a serious 

error   s ince,  when one l i n e  group exhibi ts  such  strong  overlapping,  the 

equivalent widths of adjacent  l ine groups are aften-also  approaching their 

asymptotic  value D . Hence an additional  absorption  coefficient  contribution 

from adjacent  l ine groups would have only a small e f fec t  on the to ta l   t r anspor t .  

To emphasize, then, we account for overlapping  only  within  the  fixed  spectral 

in te rva l  of each  l ine group. 

A means of  measuring the amount of overlapping  within a group i s  t o  compare the 

isolated  l ine  value WI (as obtained from Eq. ( 8 6 ) )  with  the  spectral   in terval  

D . When W << D it i s  clear tha t   the   l ines  must be essent ia l ly   i so la ted .  

On the  other when W i s  of the  order of D , then  overlapping of l i nes  must 

be occurring.  Finally when Wr >> D a condition of near ly   total   over lapping 

occurs i n  which case  the group equivalent  width  should be a l so   equal   to  D . 

I 

I 

We postulate  then that the variable 

CY = WI/D 

i s  a universal measure of the  degree of overlap  and-.can be used to   co r re l a t e  

values of the  exact group equivalent width for  various thermodynamic-pathlength 

condit.ions. To check this  hypothesis,  a s e t  of calculations were made of the 

exact group equivalent  width (as determined  by  numerical  integration of 

Eq. (85)) for the spec t ra l   in te rva l  from hv = 9.80 e V  t o  10.80 e V  i n  wh:i.ch 

10 H I  lines of various  strengths and half-widths were located. 

* 

-E 

The f-numbers and y values were taken  from Ref. 18. 



The group  equivalent  widths were evaluated  for the following  cond2tions: 

p = 1 a t m  and T = l0,OOO K ; 2, OOOOK ; 15, OOO°K; 17,000°K . For each 

thermodynamic condition,  pathlengths  ranging from 0 . 1  cm t o  50 em w e r e  considered. 

These r e s u l t s  are given in  Fig. 4a where we p lo t ted  W /D versus  the 

correlat ion  var iable  CY defined above. It can  be  seen that the  variable CY 

does  an  admirable  job of correlat ing the exact  values.  Also, we were able t o  

f i t  these  numerical  results  by  the  following  Tunetion, 

0 

GOUP 

For the  flux  divergence,  the  auantitv  effected  bv  overlaPPinq is  

which, f o r   t h e  group, becomes 

For nonoverlapping l i n e s  we have 

m 

W e  evaluated the quantity r by  numerical  integration of Eq. (90) fo r   t he  

same set of l i n e s  and the same thermodynamic-pathlength  condtions  used in   evaluat ing 

W . The r a t i o  I' group/rI i s  plotted  against=  the  correlation  variable cy 

in   F ig .  4b. Again we observe that the  exact  values of r are w e l l  correlated 

group 

group 

G O U P  
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by th i s   va r i ab le  cy . The numerical  values were f i t ted by the  expression 

I n  summary then  the  quant i t ies  W and r are .obtained  by f i rs t  

calculating  the  isolated  l ine  l imiting  values from the  analysis  of  Section 3.4 

and then  using Eqs. (88) and (92 )  to   cor rec t  fo r  overlapping. 

€TOUP group 

To assess   the importance  of line overlap, a calculation w a s  made (using  the 

shock layer  temperature-pressure  distribution  obtained from the non-blowing 

couplea  flow  calculation  discussed  in  Section 5 )  of the  Line transport   with 

and  without  the  line  overlap  correction. The results a re  summarized below: 

Flux - without  Flux - including 
Line Group Spectral  Interval  overlap  correction  overlap  correction 
Number (ev> 2 W/Cm W/cm 2 

1 

2 

3 
4 
5 
6 
7 
8 
9 

Total  

1.00 "1.60 
1.60 - 3.80 
5.00 - 6.50 
6.50 - 8.40 
8.40 - 9-80 
9.80 -10.80 
10.80 -l2.00 

12.00 -13.40 
13.40  -14.40 

1-10 x lo5 
.45 x 103 

0 

.69 x lo3 
-56 X l o  3 

2.34 x LO3 
3 - .09 X 10 

- -12 x LO 
- -04 X 10 

3 
3 
3 4.90 x 10 

1.08 x lo3 
3 .45 x 10 

.69 X 10 

.56 X 10 

1.u x 10 

- .25 x 10 

- .og x 10 

0 
3 
3 
3 
3 
3 
3 - .02 x 3-0 

3.53 x 103 

We see that i n  terms of the  total .   l ine  f lux,   the  overlap  cqrrection  results i n  about 

a 3O$ reduction from a calculation  without the overlap  correction. Moreover, almost 



al l   the   correct ion  occurs   for   l ine group 6 whicn is the   spec t ra l   reg ion   for  

which we devised  the  empirical  overlapping  line  correlation  expression (al- 

though for simplicity  the  correlation  equation was developed  considering  a set 

of RI l ines  only).  

3.6 LOCAL SOLUTIONS FOR THE FLUX DIVE~RGENCE 

The numerical   evaluation  of  the  l ine flux term given  by Eq. (48) affords no 

particular  numerical problems. One can  construct a s p a t i a l  mesh using  a  reason- 

able number of grid points   ( typical ly   less   than 50) f o r  which the  integrand 

i n  Eq. (48) (i. e.  the  Planck  function) changes only sl ight ly .  A similar state- 

ment app l i e s   t o   t he  flux divergence terms QLyc and QcyL. However, the 

evaluation of Q L'L presents   spec ia l   d i f f icu l t ies   for  the case  of  optically 

thick  l ines .  Let us rewrite QLyL given  by Eq. (54) as* 

where 

L,L,- L,L,+ 
+ Qlocal  + Qlocal  

* 
For convenience we w i l l  omit the continuum attenuation term. It can  be 
included i n  an approximate manner where necessary-. 
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Let us  consider Qt:::;. Di f f icu l ty  arises when, for a l i n e  which i s  very 

opt ica l ly   th ick ,  AA- S(y). Under these  circumstances,  replacing  B(y’ ) by .\ 

i t s  average  value,  viz. 

leads to   s ign i f i can t   e r ro r .  The correct  solution i s  found  by  evaluating  the^ 

i n t e g r a l   i n  Eq. (94) by pa r t s  which y ie lds  

QLyL’- = B(At-) A(At-) - l o c a l  (97 )  

where we have introduced the t ransport   var iable  t defined by Eq. (683) .  

We now replace dB/& by a constant 

- =  dB B(At- )  - B(o) 
d t  A t -  

and we obtain 

&local  LyLy- = - B(At- )  r(At-) + L B ( A t - )  - B(o)] h(At-) ( 9 9 )  

where 

Equation (99) provides  the  correct  l imiting form for the  flux  divergence  for 

the case of very  large  opt ical  depth, At ‘  >> 1. An analogous  equation for 

Qlocal  ’”’+ may be derived. 

44 



Section 4 
THERMODYW&IIC AND TRANSPORT PROPERTIES 

4.1 THERMODYNAMIC PROPERTIES 

In  order  to obtain  solut ions  to  the conservation  equations and the radiative 

flm and flux divergence  expressions, state re la t ions  are required. The 

method of  solution  (cf.  See. 2.4) i s  such that, given  values of the  enthalpy 

and  pressure,  the  density  and  temperature are t o   b e  determined. Due to mass 

inject ion of gases containing hydrogen  and  carbon species, the elemental 

composition  of the  shock-layer  gases  varies from point to point.  This  vari- 

able  element  problem i s  handled  by  performing, a t  each shock layer point, a 

complete  thermochemical  equilibrium  composition  calculation. The input data 

required are the  mass fractions  of hydrogen, carbon,  nitrogen, and 

oxygen atoms, the  enthalpy (cal/gm) and the  pressure (atm). The ana lys i s  

underlying  this thermochemical  calculation* i s  descr ibed  in  Ref .  22. A 

user 's   description -of the detailed input  required  including  the  basic thermo- 

dynamic data for   each specie is given i n  Ref .  23. 

Due t o  requirements on the  specif icat ion of certain  base  species  (cf.  R e f s .  22 

and 23) it becomes necessary to separate   the computation in to  a high  temperature 

region  (containing  charged  species) and a low temperature  region  (neutral 

species  only). W e  l ist  i n  Table 1 the  vafious  species  considered  in  each 

* 
This  calculation i s  a separate computer program, the  W C  Free Energy 
Minimization Program (FESIP) which w e  have incorporated as a subroutine. 
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TABU I 
I?FECIXS DATA FOR FEMP CODE I I 

I 

I 

Energy  Temperature (OK) 
Temperature o f  Range of Validlty I 

Regime Specie  Farmation For 
(caI/mole)  Thermodpamic Data 

LOW CN 9. 2 d 3  1000- 15000 I 

c2 
O2 

0 

0 

N2 0 

H 5.162+~ 

1000- l-2000 

1000- a00 
1000- 2 4000 

1000- 16000 
0 

C 
5. 8985+4 1000- 24000 
7.  058+4 1000- 24000 

t r  

N 1. 125T' 
+4 

3 I C  

C4H 
HCN - 6.7709+~ 

-2.42'' 

c2H2 -2. 42+5 
. .  

H, 0 

1000-24000 

1000- 6000 

1000- 6000 

1000- g000 

looo- 6000 

1000- 6000 

1000- 6000 

co 
c 

- 1. 262+5 1000- 6000 

C 

H+ 

CN 

N 

O+ 

x+ 

N2 

C+ 

0 

co 

H 

HIGH 
- 

e 0 2500-  24000 

1000-24000 

2500- 24000 

xooo- 15000 
- 1000-24000 

2500-24000 I 
2500-24000 

1000- 24000 

1000- 24000 

2500- 12000- 

2500-24000 

1000- 16000 
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temperature  regime  along w i t h  the  energy of  formation  an6  the  applicable 

temperature  range  of  the  individual specie thermodynamic data. 

%- 

The condition for switching from low t o  high  region  in  the FEMP calculat ion 

is  n o t   c r i t i c a l   s i n c e   t h e r e  i s  a temperature  range of-common va l id i ty .  For 

convenience w e  use a c r i t e r i a  based on the  value of the  molecular  weight  ratio 

where Mo i s  the  molecular  weight a t  p = 1 a t m  T - 1,000 OK. 

4.2 TRANSPOIET PROPERTIES 

A f u l l  calculat ion of the  t ransport   propert ies   for   the multicomponent 

ablation  product-air  mixture i s  prohibi t ively complex f o r  this irmestigation. 

The simplified  transport  equations  of  Refs.  24  and 25 have therefore  been  used. 

Blake (Ref .  26) i l l u s t r a t e d   t h e   u t i l i t y  of these  s implif ied  equat ions  in  des- 

cr ibing  the  t ransport   coeff ic ients  of air (viscosi ty  and Prandtl  nuniber) t o  

temperatures of 10,000 %. For the non-air systems, i.e. mass in jec t ion  of 

C and H, t he  multicomponent  system w a s  assumed t o  be an  effect ive  binary 

mixture so far as diffusion i s  concerned.  Consequently, the  same simplified 

equations w e r e  u t i l i z e d  in  the non-air  systems  although no coaf.irmation  of 

these   resu l t s  is avai lable .  

x- 
FEBP uses a scheme i n  which the basic diatomic  molecular  specie  of  each 
element (%, C2, N2, 02) i s  taken as having  zero energy a t  0 %. 
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The approximate viscosi ty  of a gas  mixture is given by 

where xi i s  the mole f rac t ion  and pi i s  the  viscosi ty  o f  the  species i, 

and 

L 

The form of this semi-empirical  equation i s  obtained from the   r igorous  kinet ic  

theory of  multicomponent gas mixtures (Ref .  27) by assuming the   co l l i s ion  

in t eg ra l   r a t io  (Ref .  24) to be  equal t o  5/3 and  the  binary  diffusion 

coefficient i s  that for a r i g i d  sphere gas (Ref. 28). Since for most gaseous 

mixtures A does  not^ equal 513 the  constan6 1/2 &? appearing  in Eq. (102) 

was determined by corre-hting  with  experimental  data . .. of gas mixtures  near 

room temperature. For .air, Blake  (Ref. 26) showed t h a t  when compared with 

the more complete arlalysis af Yos (as taken from Ref. 29) ,  Eq. (102) was applic- 

a b l e   t o  10,000 OK when curve f i t s  of the   ind iv idua l   spec iev iscos i t ies  (Ref. 

30) were used, 

* 
Ai 

* 

In  order t o  siapJ3.fy the  calculation of the  total   thermal   conduct ivi ty  of a 

gas  mixture,  the  diffusion of the  species w a s  assumed t o  be that given by an 

e f fec t ive  binary mixture as suggested by Lees (Ref .  12). For such a system, 

the   to ta l   thermal  conducti-vLty can  be wri t ten as 
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V aci 
% = k f  + z D h i z  

m i=l 

where kf i s  the  thermal  conductivity due t o  molecular  collision  with no 
~~ m 

chemical  reactions  (frozen state), hi i s  the  enthalpy of the tth species, 

hi = LT Cpi dT -E hi 

0 

Ci i s  the mass f rac t ion  of species i and D i s  the  effect ive  binary  dif-  

fusion  coefficient  of  the system. I n   t h i s  form, the  thermal  conductivity  can 

thus  be  ident i f ied as the  sum of the   e f f ec t s  of  molecular col l is ion  ( f rozen)  

and enthalpy  transport .  The energy transport   of a multicomponent m i x t u r e  of 

polyatomic  molecules-due t o  molecular  collisions, kf , is  often  divided 

in to  that energy  associated  with  molecular  translation  and  an Eucken correction 

for  the  internal  molecular  energy modes, ro ta t ion  and vibration. From the  

rigorous  theory for gas  mixtures, Hirshfelder, Mason and Saxena (Ref .  25) 

showed that the  total   energy  t ransport  of molecular  collisions can be approxi- 

mated by  an  equation  similar  in form to  the  s implif ied  viscosi ty ,  Eq. (102), 

k =  
fm f 

i=l 

xi ki 

Xjrnij 

j =1 

where ki i s  the  frozen  conductivity of the  species  i and, again, m i j  i s  

given by Eq. (103). 

49 



The equilibrium  compositions  and thermocQnamic p r o p a t i e s  o f  the  gas mixtures 

are determined  by  the method of Section 4.1. The species  concentration 

derivative aC,/aT i s  dstermiqed  from the  calculat ion  out l ined  in  Ref. 26. 

The effective  diffusion  coefficient. .  i s  taken as the value for the  binary  dif-  

fusion  of N2 - N (Ref. 30). With these data the  total   thermal  conductivity 

of  Eq. (104) w a s  determined f o r   t h e  a i r  systems as a function of temperature. 

The r e su l t s  (Ref. 26) were within S5$ of the more complete analysis  of Yos 

(as taken from Ref. 29) for  temperatures below 14,000 OK. 

The specific  heat a t  constant  pressure of the mixture, C , w a s  determined 

from the summation 
Pm 

where 5 i s  the  frozen  specific  heat of each  species. In Ref. 26, 

heat  values from Eq, (107) were shown to   agree  w e l l  with  the  result8 of 

Predvoditelev (Ref. 31) and Yos' data given i n  Ref. 29. 

pi 

Figure 5, taken from Ref. 26, shows the  comparison of Prandtl numbers as 

determined  by Hansen (Ref. 32), Yos (taken from  Ref. 29) and the  simpllffed 

Eqs. (102)- (SOT). The Yos r e su l t s  are considered more complete i n  that they 

include a l l  par t icxe  interact ions whereas tbe Hansen data are based on three 

body interact ions.  
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Section 5 
R F m S  

We discuss f i r s t  in . . th i s   sec t iog   the  comparison between the current   detai led 

so lu t ion   to   the  dif,feaeptial momentum equations  and  the  previous  integral 

method r e su l t s .  Next we demonstrqte the   va l id i ty  of .the radiat ive  t ransport  

model d_eveloped irz Section 3. Our curren t   resu l t s   for   the   rad ia t ive  and 

convective  heating rates a r e  compared with  those of a number  of authors. 

F ina l ly  we present  an  investigation of the effective-qess of ablation  product 

gases of predominantly hydrogen and  carbon  compositian i n  absorbing  the  radiant 

energy  from the high  temperature a i r  region. 

5 .1  COMPARISON WITH OTHER S0T;UTcIONS 

To assess the significance of the ~ I J ,  = constant  appzoximation on the veloci ty  

f ie ld   so lu t ion ,  we have compared our calculations with those of Howe and  Viegas, 

Fig. 3 of Ref. 1. The fl ight  conditions fqr this case are: 
. , -  

A s  shown by the comparison i n  Fig. 6 ,  our solutioq i s  f a i r ly   c lose   t o   t he  more 

exact  solution of Iiowe and Viegas in the vi+cous layer where t ranspor t   e f fec ts  

are f e l t .  The  maximum difference i s  about 25% and t h i s  much error  occurs only 

fo r  a small region; 
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The integral-method  solution t o   t h e  momentum equation  previously  applied  to  the 

stagnation  point shock layer  problem was fe l t  adequate f o r  Reynolds number 

not  too  large (Res ,S 10 ) and for very low ms.s injectLon  levels  (fw << 1). 

However, fo r   l a rge  Reynolds numbers or high mass inject ion rates, the   ab i l i t y  

of the  integral-method t o  produce the  result ing  steep.  velocity  gradients was 

questionable. It  is^ of in te res t   then ,   to  compare o m  current  solution  using 

the   fu l l   d i f fe ren t ia l   equa t ions   wi th   the   o lder  method. This i s  done in  Figs.  

7 and 8 .  In  Fig.  7 we compare a non-blowing solut ion  for  a set of f l i g h t  

conditions  yielding Res = 4.1 x 10 . The differences are larger   than  ant ic ipated.  

6 

6 

- .- 

Particularly  noticeable i s  the change i n   t h e  w a l l  velocity  gradient, which  in- 

creased  the  convective  heating by &$ and brought  the new re su l t s   fo r   t he  con- 

vective  beating  into  close agreement with boundary layer  theory.  In  Fig. 8 

we compare r e s u l t s   f o r  a case  with  large blowing, f, = 1.56. Here the  old two- 

layer   integral   solut ion,  as expected, i s  quite  inadequate. I n  making the  com- 

parisons shown in   F igs .  7 and 8 , we have'used  the same enthalpy  distribution 

in  each  case  for  both momentum equat ion  solut ions  in   order   to   isolate  the ef fec t s  

of the  integral   and  differential   treatment.  It i s  clear the  current method, 

being  considerably more accura tg  i s  well worth the added numerical  complexity. 

In  Section 3 we introduced our continurn and l ine  t ransport  models, the  develop- 

ment of which required vasioqs approximations. The val idi ty   of   these models i s  

best  determined by  comparing the  radiative  f lux  values  with a calculat ion  f ree  

from the i r   e s sen t i a l  approximations. Such a more exact calculation i s  afforded 

by our radiat ion  t ransport  code (€?ATRAP)* i n  which the continuum contribution i s  

* 
The analysis  underlying this radiat ion  t ransport  code is  given i n  Ref .  20. 
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calculated  monochromatically a t  86 frequency  points  and the l ine  t ransport  i s  

ca lcu la ted   for   a   to ta l  of I" 289 . " l ine"   t rans i t ions  for H, C, M, and 0 atoms 

t rea ted  i n  21 "groups. " From the   resu l t s   o f  a coupled  flow f i e ld   so lu t ion  

with mass injection  (see  the  case  discussed under Section 5 .2 ) ,  we obtain the 

radiat ive  f lux  dis t r ibut ions shown i n  Fig. 9. Using t h i s  same case t o  define 

pressure,  enthalpy and elemental  composition  distributions, we obtain from the 

RATRAJ? code the radiat ive flux values shown i n  comparison. The agreement i s  

remarkably good over  the  entire shock layer providing  confidence in our  approxi- 

mate transport  models. 

Turning now t o  the  completely-coupled radiating shock layer  problem, we have 

compared i n  Fig. 10 our  current  solutions  with  the  as  yet  unpublished work of 

Page .* The f l ight   condi t ions for this comparison  case a re  : 

The close agreement  seen i n  Fig.10  indicates  the  degree of consistency which 

can be obtained between various  investigators when a l l  important  radiating  pro- 

cesses are included  in a reasonably  accurate  transport model. The current 

l e v e l  of consistency i n  hyperbolic  entry  radiative  heating  predictions i s  

demonstrated more clear ly   in   Fig.  11. Here we have taken from Fig. 15 of Ref. 

-E 
The author  wishes to thads Mr. William Page of the NASA Ames Research Center, 
Hypersonric Free  Flight Branch, for generously  providing  these  results. 
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7, the  calculat ions by Page et al .  of the normalized surface radiative  heat flux, 

as a function of flight velocity and for   var ious  densi t ies   yielding  the two 

curves shown f o r  p = 1.0 a t m  and p = 0.1 a t m .  We a l s o  have included our 

current results as w e l l  as those of Chin (Ref.  8), Callis (Ref. 3 3 ) ,  and 

Rigdon e t  a l .  (Ref .  34). In   order  to account f o r   t h e   s l i g h t l y   d i f f e r i n g  body 

s i z e s   i n  the calculations of  Chin and Rigdon e t  al .  we have scaled  the  radiat ive 

f lux  as 

For  Chin's work, t h i s  amounts to a decrease of 6% while f o r  the work of Rigdon 

e t  a1 t h i s  amounts to a decrease of E$. It will be  seen f r o m  this comparison 

that a l l  five predictions Ue within  about 20%~. W e  emphasize t h a t  a l l  of  these 

calculations  account  for  both  continuous  and  discrete  absorption  processes 

derived  from  nearly  the- same basic  data. 

5.2 SHOCK LAYER SOUTTION FOR IlASSTVE BLOWING 

W e  conclude  our r e s u E s % i t h - ~ n < ~ ~ a t i o n  of t he   e f f ec t s  of  large mass in- 

jec t ion  rates on the shock layer   s t ruc ture  and resu l tan t  surface heat flux. 

The flight conditions  used are again  the  case 

U, = 16 h/sec 

6s 



and for normalized mass inject ion rates of rh = .05 and fi = .LO. These 

correspond to   va lues  of the blowing  parameter f, = 0.99 and fw = 1.9. 

The injected  gas is the sub3..j,mation products of carbon  phenolic  having the  

elemental mass fraction  composition: C = .Olg; Cc = .930; C = 0; and 

Go = . O 5 l .  The gas i s  in jec ted  at an  enthalpy  level  corresponding  to a sub- 

limation  temperature of 3,300 %* 

H N 

)t 

The tangent ia l   ve loc i ty   d i s t r ibu t ion   in   the  transformed. 7 coordinate i s  

shown i n  Fig. J.2 along  wlth  the  solution f o r  rh = 0. The degree t o  which the 

shear  layer i s  detached from the w a l l  i s  c lear ly  demmstra-bed. For the  highest  

inject ion rate, we have treated the region from the w a l l  t o  71 = .4 as inviscid 

(cf.   Section 2.1). 

The enthalpy  distrfbukion i s  shown i n  Fig. .S3. Again we observe  the  detachment 

from the w a l l  of the  region where conductive  transport  plays  an  important  role. 

For the  highest   injection rate there  i s  a v i r t u a l  absence of conduction a t  the 

wall and the  convective  heating i s  reduced  by four orders of magnitude. We have 

replotted  these  enthalpy  @skibutions  in  the  physical   coordinate y/8 i n  Fig. 

14. Because  of the high density of the low temperature  ablation  gases,  the 

physical  extent of the   ablat ion layer i s  small. This   re f lec ts   the   fac t   tha t ,  

due to   the  high  densi ty ,   the   veloci ty  and hence momentum of  the  ablation  gases 

i s  much less   than that of the incoming a i r  stream (the momentum r a t i o  a t  the 

wall i s  MJM- = 4 x and  hence unable to   penetrate  far  from the wall. 

* 
Note that due t o   t h e  energy of formation o f  certain  molecular  species,  the 
absolute  enthalpy of the  ablation  product i s  negative a t  t h i s  temperature 
(cf.  Table I, Section 4.1). 
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The prime objective of th i s   s tudy  w a s  to   invest igate   the  interact ion of the  

ablation  products  with  the  radiant  energy  emitted  by  the  high temperature air 

layer.  A s  par t  of this  question it is  o f  i n t e re s - t   t o  ask w h a t  i s  the role 

of coll isional  transport   ( i .e.   t tviscoustt   effects)  in  this  interaction  process.  

The d is t r ibu t ion  of the  radiat ive flux divergence  expression  across  the shock 

layer  i s  shown i n  Fig. 15 fo r  the  case where fw =. .99- The large peak i n  

the flux divergence i s  due to  absorption  by  neutral  carbon atoms ( in   t he  ground 

and low lying  exci ted states) which appear i n  the heated ablat ion gases. 

Fig. 16 shows the   spa t ia l   d i s t r ibu t ion  of neut ra l  carbon atoms  and, f o r  com- 

parison  purposes,  the  velocity,  enthalpy, and ablation  product  profiles.  Com- 

parison of Figs. 1 5  and 16 demonstrates that t h e   p a k   i n   t h e   f l u x  divergence 

coincides  with  the peak i n  the   neut ra l  carbon atom dis t r ibut ion.  Moreover, 

as seen  from  Fig. 16, the  large  increase  in   neutral  carbon atoms occurs i n   t h e  

region where viscous  effects   exis t ,  as clearly  indicated by the  velocity and 

ablation  product  profiles.  Thus it appears as though viscous  effects (namely, 

conduction) are responsible for the  rapid  increase  in  enthalpy which i n   t u r n  

r e s u l t s   i n  the rapid rise i n  carbon atoms  and subsequent radiant  energy  absorp- 

tion.  HoweverLthis i s  not  the  correct  interpretation. - - 

The rate of heating of the  ablation  gases by absorption of radiat ion exceeds 

that due to conduction.  Actually  viscous  effects  only  spread-out  the  region of 

enthalpy rise over a somewhat l a rge r   spa t i a l  extent than would be  calFulated 

i n   t h e  basis of  an  inviscid  calculation. Indeed the  inviscid  calculat ion of 

Ref .  8 (a calculat ion  for  a mass f lux  and  Reynolds number condition  quite 

similar to  the  case  being discusseci  here) shows a similar rapid  enthalpy rise 

- .  "- .- 1111 . "" - 
~ - . .. ~- - " - " " flllllll 

- , "  ,""". ." ~~~- ~ 4 
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a lso .  Thus, while  viscous  effects  influences  the  species  and  velocity 

dis t r ibut ions somewhat ( the  inviscid  calculat ions  tend t o  predict  a lower 

t angent ia l   ve loc i ty   in  the ablation  product  gases  and a  correspondingly  larger 

ablation  product  layer),   viscous  effects - are of minor  importance i n   t h e  coupled 

process of heating  and  absorption  of  the  ablation  product gases, 
. .  a 

The spectral   nature of the ablation  product  absorption  processes are seen more 

c lear ly  by  examining Fig. 17'. Here we p lo t   the   spec t ra l   rad ia t ive   f lux  a t  

the w a l l  for the coninuum and line  contrj .butions,   in terms of the  average 

spectral  value  for  each continuum  band  and l i n e  group- We compare the 
-x 

spec t ra l   d i s t r ibu t ion  of the  surface flux with and  without mass injection. 

Note the  s ignif icant   decrease  in  the vacuum ul t rav io le t  continuum  emission 

with mass injection.  This  blocking  effect  by  neutral  carbon atoms due t o  the  

spectral   locat ion of its photolonization  edges was repor-ted i n  Refs .  9 and  10. 

However, the  heated  carbon atoms  emit  both  continuum  and l ine  radiat ion.  When 

the  line  emission by  carbon  atoms i s  properly  calculated, it i s  found that the 

carbon  atoms  emit  about a s  much as  they  absorb. Note the  increased  emission 

i n   l i n e  groups 1, 2, 3, 4. That is, f o r  the  f l ight   condi t ion examined, mass 

_L 

~ " - 
~~ 

inject ion has l i t t l e  ne t   e f fec t  on the surface  radiat ive  l ine  f lux.  Hence 

the  eff ic iency of  a  carbon-hydrogen  mixture injected  gas  in  shielding  the  sur- 

face f r o m  emission  by  the  high  temperature air  region is only  one-half  the  values 

previously  reported  in Ref .  9 which c o q r e d  the continuum contribution  only. 

A comparison of the  degree of surface  f lux  reduction due t o  mass inject ion con- 

sidering  both continuum  and l ine  processes  with  the  values  obtained  considering 
* 

The negative  values  for  the  l ine  f lux  in some groups indicate   that   the  continuum 
f lux is  attenuated by l ine  absorption. 
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processes  only is  shown i n  Fig. l8a. I n   t h i s  comparison, no molecular 

band absorption is  included in   e i ther   ca lcu la t ion .  

In  our  previous  studies of Ref. 9, calculations of the shock layer  enthalpy 

d is t r ibu t ion  were made both  with  and  without  molecular band absorption  included. 

The resul t ing  differences i n  the  enthalpy  profile were small. Those r e su l t s  

are  further  substantiated by estimates of the amount of addi t ional   ablat ion 

product  heating-which would occur due t o  molecular  band  absorption  using 

the  calculated  spectral   f lux which i s  transmitted by the  heated  ablation 

product gases. ~ It is found that the  additional  heating rates would not be 

adequate to  increase  the  enthalpy  levels  significantly.  Accordingly,  an 

esimate of the amount of absorption due t o  molecular  bands w a s  made using 

the  enthalpy  profiles  obtained  without  including  molecular band absorption 

i n  the shock layer  calculation.  This  estimate employed aa uncoupled radiat ive 

transport   calculation (i. e. RATRAP code)  and are given i n  Fig. l8b. Also shown 

on Fig. l8b are- the   resu l t s  of  Chin's  calculation (Ref .  8) i n  which he considers 

continuum processes  (inclueng  molecular  bands)  but  nitrogen  lines  only. W e  

observe that  Chin's  value  Lies  close to the  older continuum-only flux  reduction 

level.  This is further  evidence that carbon l i n e s  should be included  and due 

to emission  from  these  lines, a smaller degree of f lux  reduct ion  resul ts .  

Finally,  Fig. 19 compares the   spec t ra l   f lux   d i s t r ibu t ion  of the  surface  with 

and  without  molecular  band  absorption  as  obtained from the uncoupled RATRAP 

calculation. The locat ion of the  spectral   regions of increased  absorption 

identified  the  following  molecular band  systems  important in  absorption: 

CO 4th  posit ive;  C Mulliken, Freymark, and  Fox-Herzberg. 2 



I I  

k 
1 .* .a I 

1 .0  { A= DENOTES  CALCULATED POINTS 

Y 

O' 

LINE  AND CONTINUUM Crr, = 16 km/sec ;p, = 1 atm) 
k 
z 
s 0 

u 
5 8 0.6 
Pi CONTINUUN  ONLY 

x I (U, = 15.25 km/sec; ps = 0.44 atm) +HIN-INVISCID 2 SOLUTION, REF. E 

0 0.05 0.10 
MASS  INJECTION FUTE (in.) 

(b) Molecular  Band  Absorption  Included 

Fig. 18 The Effect of lhss Inject ion on Surface Flux Reduction 



1200 I 
I (a) CONTINUUM  CONTRIBUTION 

(b) LINE  CONTRIBUTION 

MOLECULARBAND 
ABSORPTCON OMITTED 

"" MOLECULAR  BAND 
ABSORPTION  INCLUDED 

0 4 8 12  

FREQUENCY (eV) 
16 

Fig. 19 Effect of  Molecular Band Absorption on Surface  Radiative 
Flux  Spectral  Distribution 

73 



The current   effar t .  has resul ted i n  the  following developments: 

i /  The previous  integral-method  velocity f ie ld  solution was inadequate 

for   the   l a rge  mass inject ion and/or Reynolds number flows of interest .  

1' The current  computational method f_or solving the d i f f e r e n t i a l  momentum 

equation i s  straightforward,  numerically  stable,  and  applies t o   l a r g e  

mass in jec t ion  problems. 

The line kcansport model was r e v i s e d   t o  provide a consistent  treatment 

of the nonhomogeneous transport  problem for   arbi t rary  mixtures  of' carbon, 

hydrogen, oxygen, and nitrogen atoms. 

A comparison w i t h  the work of-other invest igators  shows t ha t ,  when both 

l i ne  and  continuum processes are accounted for ,  radiative  heating rates 

at hyperbolic  entry  velocit ies are i n  good agreement fo r   t he  no-blowing 

case. 

I/ 

The proper  accounting of l ine  t ransport ,   par t icular ly  of carbon l ines ,  

r e su l t s  i n  the f ac t  that the  radiat ion flux rsduction due t o  mas8 

inject ion af carbon-hydrogen  mixture i s  on-ly about  one-half the level 

calculated from a continuum only basis. 

0 The ro le  of , ,ablation  product  molecuhr  absorption becomes  more sfgnifi- 

cant   in   l igh t  of the  revised  l ine  t ransport   calculat ions.  
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Appendix A 

EQUATIONS FOR AVXRAGED C O D "  ABSORFTION COEFFICmS 

The continuum transport  i s  calculated  using a 7-band model. I n  each group we 

calculate  

The equations for the band-averaged  absorption  cross  section are l isted below. 

Group 1: 0 5 hv 10.00 eV 

I n  band one we use a p a r t i a l  Planck mean i n  which Oi for each  element has 

the  general  form 
" 

- 8 i/kT 
5.04~10~ kT Ti KO e 

0 - =  ~~ __ e i BP 

- (hv -hvTi)/kT 
+ kT [ai + 28i(kT)2] - kT e B [ai + 13~(hv~-hV:)~] 

-(h~~-hV:)[2@~(hv~-hv;)(kT) + 2@i(kT)2] 
- k T e  

where 

hvB = 10.00 e V  

and 
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For each  specie i we b y e  the  parameters 

Hydrogen : 
i hvT = 2.40 eTd = 13.56 ev. 

cy = 1.00 
i 

B ,  = 0 

hvTi = 3 -78 e V  E = 11.26 e V  i 

CY = 0.30 
i 

pi = 0.0480 

Carbon : 

Nitrogen: 

Oxygen : 

Group 2: 

Group 3 : 

hvT 
i = 4.22 e V  e = 14.54 eV i 

hvT 
i = 4.22 e V  e = 13.61 eV i 

cy = 0.24 i 
pi = 0.0426 

10.0 e V  5 hv 10.80 e V  

10.80 eV 5 hv 5 11.1 e V  



B = o  ; CY = o  H 0 

Group 4: 

Group 5: 

Group 6 : 

CJ = o  ; 0 = o  
H 0 

1.18- ” B =  H 
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Group 7 :  14.3 eV 5 hv 5 20.0 eV 
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Appendix B 

EFFECTIVX LINlZ PARAMETERS 

We derived  in  Section 3.4 the  following  expressions  for  the  effective f-number 

and  half-width  for  transit ions  in atom i, 

L I m 

Collecting a l l  t rans i t ions  which arise from a common lower state we can 

rewrite these  expressions as 

where PA i s  the fractional  population  of state i n  specie i, i 

and 



m i n  R 

m i n  R 

The states k considered  for H, C, N and 0 are l i s t e d  i n  Table B-1. 

The spec t ra l  composition of the l i n e s  i s  shown by the data given i n  Table B-2. 

I n   t h i s   t a b l e  we l i s t  the  nine  l ine groups used in   ca l cu la t ing   t he   t o t a l   l i ne  

transport .  For each line group we l i s t  i t s  spectral location  and i t s  spec t ra l  

interval.  For  each  element we l i s t  the  number of l i n e s  ni i n   t h e  group,  and 

for  each state R af that element the parameters fR i and (fp;)l/*. These 

line  parameters were obtained  using  the  tabulated f-numbers and  half-widths 

from Wilson and  Nicolet (Ref .  18) for C ,  N and 0 atoms. For H atoms, the 

investigation of Lasher, Wilson, and G r e i f  ( R e f .  35) showed that almost a l l  the 

l ine  t ransport  i s  accounted for   by  the first three-members of the Lyman and 

Balmer series. - Hence-only these s i x   l i n e s  were included. The f-numbers were 

taken from Grim (Ref. 36) and the  half-widths  determined  by  matching a 

Lorentzian  prof i le   to  the asymptotic wing shape  of Griem. 
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TABm B-1 
FRACTIONAL  POFULATION DATA 

Element i 

H 

C 

N 

0 

State .& 

1 

2 

1 

2 

3 

4 

5 

6 

7 

1 

2 

3 

4 

5 

6 

1 

2 

3 

4 

5 

6 

85 

ga 

2 

8 

9 

5 

1 

5 

12 

36 

60 

4 

10 

6 

18 

54 

90 

9 

5 

1 

8 

24 

40 

€4 

0 

10.20 

0 

1.264 

2.684 

4.183 

7 - 532 

8.722 

9 * 724 

0 

2.384 

3 576 

10.452 

11.877 

13.002 

0 

1- 967 

3.188 

9 - 283 

LO - 830 

l2.077 



TABU E-2 

LINE GROUP DATA 

;roup 
To. j 

3 

4 

5 

Center 
Frequency 

hv J 

1.30 eV 

2.70 e V  

5.75 eV 

7-57 eV 

9.10 eV 

Spectral  
Interval. 

DJ 

.600 eV 

~~ 

2.20 e V  

1.50 e V  

1.65 e V  

1.40 e V  

Number 

I 28 

C 8 

N 2 

C 14 

N 4 
0 1 

S t a t e  
R 

5 
6 
7 
4 
5 
6 
5 
6 
2 

5 
6 
4 
5 
4 

2" 

3 
2 -  

I 
2 

3 
2 

3 
5 

2 

4 
3 
1 

1.16 
1.12 

9.97-" 
2.08~' 

1.52 
1.32 
1.04- 
1.14 
8.05-1 
4 .06 -~  
6. 98-2 
9.08-' 
3 .  15-2 
1.02 

8.25 -2 

7. 29-2 
6.76-;" 
1. OF-" 

1. lo-2 
1.50-" 

6.  34-2 
7. 40-2 

3.29-I 
1 . ~ 8 " ~  
2. 36-1 
1. 08-l. 
4 . 7 r 2  
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froup 
To. j 

Center 
Frequency 

hVJ 

10.40 eV 

11.40 eV 

12.70 e V  

Spectral 
In te rva l  

DJ 
1.00 eV 

1.20 eV 

1-40 eV 

1.00 eV 



Appendix C 
M[JLTICOMpQNEFKL' DlFFUSION MODEL 

The diffusional  processes of the multicomponent gas  systems  evaluated are 

assumed i n  t h i s   i n v e s t i g a t i o n   t o  be of an  effect ive  binary model. That is, 

a l l  species   in   the multicomponent gas  system are assumed .. t o  diffuse as two 

separate  gases.  This model, as or ig ina l ly  proposed  by Lees ( R e f .  12), is a 

valid  description  of. the  diffusion  processes i n  a  gas  mixture if the  gas 

consis ts  of two groups of species,  each w i t h  about the same atomlc or molecular 

weight  and  about the same mutual collision  cross-sections. For dissociated 

and par t ia l ly   d i ssoc ia ted  air systems, th i s  binary assumption has proven a 

va l id  model (Re-f. 12). For the H, C y  N, 0, system of the mss in jec t ion  

system, the  binary  diffusion model l eads   t o   r e su l t s  which are not  physically 

corre-et 

Because  of the large  difference  in  molecular weight of hydrogen from the other 

elements  involved,  fundamental  diffusion  theory would indicate  that hydrogen 

should diffuse R u t h e r  "away from the body surface  than  occurs  with  the  binary 

model. It is of i n t e r e s t   t o  determine the e f f e c t  of a more r e a l i s t i c  hydrogen 

concentration-  distribution upon the radiation  transport   within  the shock layer  

and  subsequently upon the t o t a l  w a l l  heat flux. 

A description of the t ransport  ~~ propert ies  based on a rigorous  kinetic  theory 

substant ia l ly   complicates   an  a l ready  aff icul t  gasdynamic and radiat ion  t rans-  

port  problem. For this reason, a simplified  diffusion ~~ model was desired which 
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demonstrated  the  basic multicomponent transport  characteristics  without  adding 

a prohibitive  degree of additional  numerical  calculations. The approximate 

multicomponent model recently  developed  by  Kendall and Bartlett  (Ref.  13) 

i s  w e l l  su i ted   for  o m  purposes. 

The key t o  the  Kendall  diffusion model i s  the  approximation of the  binary 

diffusion  coeff ic ients  between the  respective  species  considered by a cajrrela- 

t ion  equation first suggested  by  Bird  (Ref. 13 ) . The diffusion  coeff ic ient  

u t i l i zed  i s  of the form 

b =- 
'ij F ~ F ~  

where b i s  a  reference  diffusion  coefficient and Fi might be termed a 

diffusion  factor   for   species  i. Equation (C-1) i s  r e a l l y  a correlation 

equat ion   in   tha t  once a reference  coefficient b i s  determined,  the  Fits 

are determined  by a least-squares f i t  of the  Dij data  available for a l l  

d i f fus ing   pa i r s   i n   t he  chemical  system of in te res t .  The def in i t ion  of b 

i s  such t h a t  the F.'s are  independent of  temperature  and  pressure  and 

therefore  also  independent of concentration. Hence the  F. 's  can be deter- 

mined a p r i o r i   f o r  a given set of  chemical-species. The accuracies which 

have been obtained  using  this  procedure  are  surprisingly good (Ref. 13). 

1 

1 

The decided  advantage of the  correlation  given by Eq. (C-1) is  that the 

Stefan-Maxwell re la t ion   for   the   d i f fus ion   f lux  and  species  concentrations 

can be c a s t   i n  a  form involving  properties and gradients  of  individual  species 



and  of the system a s  a whole. T h i s  greatly  simplifies  the  previous  inter-  

specie   re la t ionships   character is t ic  of the multicomponent d-escriptions. 

Neglecting  thermal  diffusion  effects, the a i f fus iona l  mass f lux  was shown t o  

be (Re.f . 13 ) 

where 

and 

"i 
ji = - P Deff ay 

5 c K ~ / F ~  

M c F ~ K ~ / M ~  Deff - - 1  - 
i 

Ki/Fi 
'i=Ki/F1 

i 

Applying the Shvab-Zeldovich transformation  (multiplication by the mass of 

elemen't K i n  molecule i, cyKi, and summing over a l l  species)   to  Eq. (C-2), 

the elemental  conservation  equation  can be wr i t ten   ( in  terms of our body 

oriented,  curvilinear  coordinate system as 

The s imi la r i ty  of Eg. (C-3 )  t o  the binary  diffusion model i s  apparent. Mow, 

transforming Eq. (C -3 )  into  the  coordinate s y s t e m  defined  by  Hoshizaki (Ref. 

lo), we obtain, ~ 



A s  there  i s  not   an   expl ic i t   re la t ionship  between % and %, the   solut ion 

t o  Eq. (C-4) must be obtained in  the fol lowing  i terat ive manner. We note that 

,., 
I "  

and 

where 

If we let 

Equation (C-4) can be written, for the  stagnation  case (Ll = o), as 

which has the solution 

C1 and Cg are constants of integration.  Equation (C-8) reduces t o  the 

elemental  concentration  solution  obtained by Hoshizaki (Ref.10) for the binary 

diffusion model (i.e.,  P = l/F1). 



For the  Kendall  diffusion model, the  function P(7) i s  an  imp1ici"cfunction 

of Q; therefor?, Eq. (C-8) must be solved in  the fol lowing  i terat ive manner: 

(I) the  elemental   concentration  distributions are obtained from the binary dif- 

fusion solution; (2) from t-he equilibrium  chemical program (FEMP), the correspond- 

ing  specie  concentrations are obtained; (3) the gradient oP spec ie s   t o  elemental 

concentrations i s  then  determined from which P can be calculated (Eq. C-6); 

(4) Eq. (C -8 )  i s  then  used t o  determine the  new elemental  concentrations.  Steps 

(2) through (4) are then repeated until convergence on Q i s  obtained. 
u 
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